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Abstract

In this paper, we use the notion of T-norm ¥ and S-norm & to introduce intuitionistic fuzzy implicative ideals,
intuitionistic fuzzy positive implicative ideals, in BCK-algebras. Next we study the links between them and investigate
properties related properties under (T, S)-norms.

Keywords: Intuitionistic fuzzy implicative ideals, Intuitionistic fuzzy positive implicative ideals, T-norm and S-
norm.

1| Introduction

In 1996, Imai and Iscki [1] introduced the notion of BCK-algebras. After the introduced of the concept of
fuzzy sets by Zadeh [2], several researches were conducted on the generalization of the notion of fuzzy sets.
Many authors considered the fuzzification of ideals and subalgebras in BCK-algebras [3—6]. Triangular norms
and co-norms(S-norm) are in operations which generalize the logical conjunction and logical disjunction to
fuzzy logic. Recently, Rasuli [7] introduced a study on T-norms over fuzzy implicative ideal, and also positive
implicative in the context of BCK-algebras. Satyanarayana et al’s [8-12] studied a numerus ideals and
intuitionistic fuzzy ideals in BCK-algebras.

In this paper, as using (T, S)-norms T and &, we define under (T, S)-norms fuzzy implicative ideals, under
(T, S)-norms fuzzy positive implicative ideals in BCK-algebras. Next we investigate them with under (T, S)-
norms intuitionistic implicative ideals, under (T, S)-norms intuitionistic positive implicative ideals in BCK-
algebras. Also we investigate them under Intersection, Union, Cartesian product and homomorphisms (image
and pre image) and we study related properties.
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2| Preliminaries

In this section we cite the fundamental definitions and results that will be used in the sequel. For more details
we refer readers to [8-10], [13-16].

Definition 1. By a BCK-algebra we mean a nonempty set U with a binary operation § and a constant 0
satistying the axioms:

P1: ((xo 9 19) 8 (%0 8 80)) < (3o ¥ 9o),
P2: (%9 9 (%0 9 90) < 19),

P3ixy < xo,

P4:xq < pg and g < xq imply thatxy = v,
P5:0 <%,V %9,90,30 €.

A partial ordering < on U can be defined by ¥y < 1, if and only if %y § yo = 0. In any BCK-algebra U the
following holds:

Pb6:x9 9 0 = %,

P7:%5 8 9y < %,

P8: (%9 2 1g) 230 = (x0 030) 2 Do,

P9: (%9 9 99) § (Do 8 30) < %0 8 1o,

P10:x0 8 (%0 8 (20 8 99)) = %o 8 D

P11:if x5 < yg, thenxy § 30 < Yo §30and 30 d Vg <30 ¥ %9, V %0, 90,30 € .

Definition 2. A BCK-algebra U is said to be implicative if ¥y = %y § (1o § %), V %, 99 € A.

Definition 3. A BCK-algebra U is said to be “positive implicative” if (xo § 1g) 830 = (o 830) § (90 1 30) V
0, 90,30 € U.

Definition 4. A non-empty subset J of a BCK- algebra U is called an “implicative ideal” of (791) 0 € 3,
(932) (xo 3 (yo 0 xo)) 30 €Jand 39 € I imply thatxy € I V xp,10,30 € U.

Definition 5. A non-empty subset J of a BCK-algebra U is called a “positive implicative ideal” of (PJ71) 0 €
3, (PII2) (%0 4 190) 830 €EJand vy § 39 €I imply that %y § 3¢9 € I V x4, 10,30 € U.

Definition 6. A mapping #: ¥ — & of BCK-algebras is called a homomorphism if #(x, § 19) = #(x0) ¢ #(10),
V xy,9 € A

Definition 7. Let U be an arbitrary set. A fuzzy subset of ¥, we mean function from U into [0, 1]. The set
of all fuzzy subsets of U is called the [0, 1]-power set of A and is denoted [0,1]*. For a fixed 5, £ € [0,1], the
set &5 = {xg € U:&(xy) = 8} and { = {xg € W:{(xy) < 1} are called an upper level of & and lower level of .

Definition 8. Let ¢ be a function from set U into set & such that £ € [0,1]% and € [0,1]%. V x, € A, v, € K,
we define (§) (1) = sup{§(xo)| o € U 5(x0) = 1o} and (D (x0) = §(5(x0)).

Definition 9. A T-norm T is a function Z:[0,1] X [0,1] — [0,1] having the following four properties:

(T1) T(xy, 1) = %, (neutral element), (T2) T(xg,vo) < T(xy,30) if Dy < 3¢ (Mmonotonicity), (T3) T(xg,vy) =
T(Mo, %) (commutativity), (T4) z(xo;z(t)o' 30)) = T(T(x0,90), 30) (associativity), ¥V %o, o, 30 € [0,1].

It iS Clear that ifxol > x02 and 1)01 > 1)02, then S(Xol, 1)01) > 3:(:{02, 1)02).
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Example 1.
1. Standard intersection T-norm T, (%9, 1y) = min{xy, v, }.
1I. Bounded sum T-norm Ty (%, o) = max{0,x, + yo — 1}.

II. Algebraic product T-norm (%o, Do) = XoYo-

1)0 lf xO = 0,
IV. Drastic T-norm Tq(%0,9) =%, if o =0,
0 othewise.

min{x,, 9o} if %+ 1o > 1,

V. Nilpotent minimum T-norm T, (%0, 1) = { 0 if oth .
if otherwise.

0’ if ¥g =DYo = 0)
VI. Hamacher product T-norm Ty (%9, Do) = { %90

Xo+tYo—%0Yo

if otherwise.

The drastic T-norm is the pointwise smallest T-norm and the minimum is the pointwise largest T-norm:
Tp(*0,10) < T(%0,90) < Tinin (o, Do) V %0, 99 € [0,1]. We say that T be idempotent if V ¥y € [0,1] we have
T(xg, %) = %o.

Definition 10. By S-norm & is a function &:[0,1] x [0,1] = [0,1] having the following four properties:
(61) S(x0,0) = %o (neutral element), (&2) S(xp,vg) < S(%0,30) if Dy < 3p (Monotonicity), (&3) S(xp,vo) =
S(10, %9) (commutativity), (S4) 6(350, Sy, 30)) = G(S(x9,19), 30) (associativity) V g, 99,3 € [0,1], It is clear
that if xy, < %o, and 1o, < 1y,, then &(x9,,D0,) < (%0, Do, )-

Example 2.
I. Standard union S-norm &, (%, 9) = max{xy, vy}
II. Bounded sum S-norm & (xg,99) = min{1, x5 + o}
III. Algebraic sum S-norm &,(%, 1) = %o + Do — %oVo.

po ifx =0,
IV. Drastic S-norm G (%9, 99) = 3%, if ng =0,
1 othewise.

The drastic S-norm is the pointwise smallest S-norm and the maximum is the pointwise largest S-norm:
G (%0, 10) = S(xg,10) = Sax (0, Do) V %, 99 € [0,1]. We say that & be idempotent if V x, € [0,1] we have
G(xo, xO) = Xp.

Definition 11. Let &€ [0,1]% and define the intersection of & and { is denoted by €N € [0,1]* as
EN Do) = T(5(x0),Y(x0)) V %0 € A.

Definition 12. Let £ ¢ € [0,1]¥ and define the union of § and T is denoted by £U € [0,1]% as (U ) (xo) =
6(5(370)'«*0)) vV oxo €U

Definition 13. Let § € [0,1]¥ and C € [0,1]%. Define the Cartesian product of § and { is denoted by & X { €
[0'1]?1XR as (§X O (x0,19) = Z(E(*o), Z(Uo)) and (€ X 0)(x0,90) = G(E(fo); {(Uo)) V (%,10) € AX K.

Lemma 1. Let T and & be a (T,S)-norms. Then ‘I(i(xo, t)o),i(mo,ao)) = ‘I(I(xo,mo),z(ljo,so)) and
6(6@0'%)' 6(930,30)) = 6(6(x0,m0), 65(1)0,30)) V %9, 19, o, 30 € [0,1].
Definition 14. We say that € [0,1]¥ is a “fuzzy implicative ideal” of & under T-norm ¥ if it satisfies the

following inequalities: (FIIT1) §(0) = &(xo), (FIIT2)&(x,) =X (E(xo 3 (yo 0 xo)),E(z)o)) V' %0,90,30 € 2.
Denote by FIIZ(Y), the set of all “fuzzy implicative ideals” of U under T-norm <.
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Definition 15. We say that § € [0,1]* is a “fuzzy implicative ideal” of A under S-norm & if it satisfies the

following inequalities: (FIIS1) §(0) < &(x,), (FIIG2)&(x)) < & (E(xo 0 (yy 0 xo)),f;(go)) YV %,90,30 € U.
Denote by FIIS(), the set of all “fuzzy implicative ideals” of & under S-norm &.

Definition 16. Define € € [0,1]¥ is a “fuzzy positive implicative ideal” of A under T-norm ¥ if it satisfies the

following inequalities: (FPIIT1) §(0) = &(x,), (FPIIT2) &(x83,) =T (E((xo 8 190) 8§30), 50 & 50)) v
%0, 90,30 € A. Denote by FPIIT(A), the set of all “fuzzy positive implicative ideals” of & under T-norm <.

Definition 17. Define £ € [0,1]* is a “fuzzy positive implicative ideal (FPIIS)” of A under S-norm & if it
satisfies the following inequalities: (FPIIS1) £(0) < &(x,), (FPIIG2) &(x; §30) < © (E((xo 8 90) §30), 50 &

30)), Y %4, 19,30 € A. Denote by FPIIS(Y), the set of all “fuzzy positive implicative ideals” of ¥ under S-norm
e.

3 | Intuitionistic Fuzzy Implicative Ideals, Positive Implicative
Ideals of BCK-Algebras under (T, S)-Norms

Throughout this paper, A, & always mean two BCK-algebras unless otherwise specified.

Definition 18. We say that & ¢ € [0,1]* is an IFII of % under (T, S)-norm ¥ and & if it satisfies the following
inequalities:

(IFIITS1) §(0) = &(xo), and ¢(0) < (o),

(IFIITS2) §(x0) = T (§(x0 8 (90 § %0)),Go) )

(IFIIZS3) U(xy) < & (((xo 3 (0o 8 %)), Z(ao)) V %,10,30 € U.
Denote by IFIITZS(), the set of all IFII of A under (T, S)-norm T and S.

Example 3. Let A = {0,1,2} be a set given by the following cayley table:
Table 1. BCK-Algebra.

9 0 1 2 3
0 0 0 0 0
1 1 0 0 1
2 2 1 0 2
3 3 3 3 0

Then (2,3 ,0) is a BCK-algebra. Define the “intuitionistic fuzzy implicative ideal” &: (%, §,0) — [0,1] and
0.8 if x, =0,2 0.7 if x, = 1,3

G (W0,0) = [01] as: 8o) = {0.4 if xo = 1,3 404 §30) = {0.3 if ¥, = 0,2.
Let T(a,b) = T,(a,b) = ab and S(a,b) = &,(a,b) = a+b —ab. V a,b € [0,1], then § € IFIITS(A).

Proposition 1. Let §, T € [0,1]% and T and & be idempotent. Then &, € IFIIZS() if and only if the sets §, =
{xo € W:8(xp) = 8} and {, = {x, € A:{(x,) < £} are cither empty or an “implicative ideals” of ¥, for every
8,t €[0,1].

Proof: Let §,7 € IFIITGS(A) and x4, 9, 390 € A. Thus £(0) = &(xy) = 8500 € & and {(0) < U(x,) < £ so0 € .
Also let (%0 (9o 0%)) 030 €&, 3€E and (x0 8 (0o 8 %)) 830 €L, 3 €. Then ¥(xo) = 3(5((*0 9
(90 8 50)) 030), §(30) ) = T, ) = . Thus x € &, And §(50) < & (3 (20 0 9%0)) 136 ),3G0)

< G(t,t) = 1. Thus %5 € {;. Then §, and {, will be an “implicative ideal” of U for every &, € [0,1].
Conversely, let &, and T, are either empty or an “implicative ideal” of U for every s,% € [0,1]. Let &8 =
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1(2 ((xo 8 (o 8 xo)) g 30)'5(30)) andt =6 << ((fo 8 (o 8 xo)) 9 30):((30))’ with (xo (o 8 xo)) 230 € &,
30€% and (%08 (Do 8%)) 830 €4, 30 €. Then % €&, and x, € thus &(xp) == 1(2((1:0 g
(90 8 50)) 0 30), §G3o) )- And thus 3xo) < £ = & (¢ ((x0 8 (0 2 %0)) 830),Go))- S0 &, € IFITS(D,

Definition 19. Define &, € [0,1]* are an IFPII of U under (T,S)-norm ¥ and G if it satisfies the following
inequalities:

(IFPITS1) §(0) > §(xo) and {(0) < I(xo),
(IFPIT&2) &(xo 8 30) = T (§(Cxo 8 90) 8 30),E(o 8 30) )
(IFPITS3) {(xo 8 30) < & (4((xo 8 90) 8 30), 40 8 30)) ¥ %o, V0,30 € .

Denote by IFPIITS(), the set of all IFPII of A under (T, S)-norm T and &.

Table 2. BCK-Algebra.

0 0 D e i
0 0 0 0 0
b d 0 0 d
e e D 0 e
f i f f 0

Then (%, § ,0) is a BCK-algebra. Define the “intuitionistic fuzzy positive implicative ideal” & : (U, 4,0) — [0,1]

0.9 ifx, =0, 0.5 if x, = d,¢,f,
and T (2,7 ,0) — [0,1] as: £(x,) = {0_7 x g, a0 G) ={ 03 it 0_7

Let T(a,b) = T,(a,b) = ab, and S(a,b) = S,(a,b) =a+b—ab V a,b € [0,1], then § T € IFPIITS(A).

Proposition 2. Let & € [0,1]* and T, & be idempotent. Then g, { € IFPIIIS() if and only if the set §, =
{xo € W:8(xp) = 8} and {p = {3y € Wz Y(xp) < £} are cither empty or a “positive implicative ideal” of U, for
every 8, € [0,1].

Proof: let &, € IFPIITG(A) and %y, 9,30 € U. Then £(0) = &(x) = 8,500 € &, and {(0) < {(xp) <t so 0 €
{¢. Also let (%0 21o) 830 €5, Do 830 €Ss and (xg §10) 830 € s, Do 230 €. Then &(xo 830) 2
T(£(Cro 190) 830),6(0 230)) = T(8,8) =5 Thus 1830 €& And  (r830) < & (¢((ro 11o) 8
30),((1)0 ] 30)) < 6&(t,t) =t . Thus x § 39 € {;. Then & will be a “positive implicative ideal” of U for every
8,t € [0,1]. Conversely, let &, {; are cither empty or an “positive implicative ideal” of U for every 8,% €
[01]. Let s =% (f((xo 9 9) §30),E(o ao)) andt =6 ((((xo 9 90) §30),{(mo 8 30)), with (o § D) 830 €
$s>D0 830 €5 and (%0 8 Do) 830 € {, Do & 30 € {¢- Then % 8 30 € &5 and 9o & 30 € ¢ Thus §(xp §30) = 6 =
T (£(Cxo 8 90) 30), €0 8 30)) and C(ro 1 30) < £ < & (¢((xo 8 90) ¥ 30), (0 ¥ 30)). S0 §,¢ € IFPITS().

Proposition 3. Let & € IFITS() such that £(x 8 vo) = z(e (o 890) 895) 0 30),5(30)) and (z, §
D) <G (( (EXEDIEDE 30),((30)> for any %, 90,30 € 2. Then &, € IFPITS().

Proof: let x,9,3 € A. As properties P8 and P9 of Definition 1 we get that ((xo 330) 0 30) 3 (o §30) <
(20 830) 8 Do = (%0 8 Do) 8 30 and from Proposition 2 we get that & (((as0 930) 230) 8 (0o 2 30)) > &((xo 8 o) ¥
30),and{(((3€0 330) 0 30) 8 (yo 0 30)) < Z((xg 319 8 30).NOW by hypothesis if we get o = 3¢, and 39 = 9, 0
30 we obtain that &(xq 9 30) = 3(5 (((xg 030) 8 30) 3 (mo B 30)),5(1)0 ] 30)), and {(xg 9 30) < G(( (((xo 0
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v

30) 8 30) 8 (o 8 30)),6(00 g 30))- Then &(xo §30) = 3('5 (((xo 930) 830 ) 9 (o 8 30)):5(00 0 50))
3:(f((xo 8 90) 8 30)’5(00 g 30))- And  {(x9830) <G (( (((xo 930) 8 30) (o 8 50)) ,{(mo 8 30))
S (z((ae0 3 190) ¥ 30), {(0o 30)). Then &, € IFPIITS ().

Proposition 4. Let & ¢ € IFITS(A). Then &,¢ € IFPIIS(A) if and only if &((xe §30) 8 (Mo §30)) =
S(((xo 930) 8 30), and (((xo 930) 8 (9o & 30)) < 5((*0 930) 8 30) V %0,90,30 € U

Proof: let f((xo 9 30) 8 (9o & 30)) = f((xo 2 19o) 8 30) and (((fo 930) 8 (Mo 8 30)) = (((xo 9 9o) 8 50) v
%0,D0,30 € U. As Property P9 of Definition 1 we get that (25 § 39) 8 (Do 8 30) < %o 8 Vo and from Proposition 3,
we get that §(xy § 30) = 3:({(1)0 %30),§(x0 8 I)0)) =3 (f(t)o 9 30):5((*0 30) 8 (mo 8 30)))

IA

= T(£(Cx0 230) 8 (o 930)), €0 830)) = T(£((x0 890) 830) € (o 8 30)).  Therefore, (o 8 30)
T (f((*o % 1) 8 30);5(00 g 30)), and  {(xp §30) < 6(((1)0 % 30), ¢ (%0 8 1)0)) <6 ({(1)0 9 30)@((*0 % 30) 8
0 830))) = & (¢(Go 830) 8 (90 830)), (o 830)) < &(¢(Cxo 2 90) 830),¢(90 8 30))- Therefore, (o 8

30) < 6((((3{091)0)030),((1)0030)). Thus £, € IFPITS(A). Conversely, let & € IFPIIS(A) and
%0, 00,30 €U with a =%, 8 (g §30) and b =12, 0 vo. By Property P1 of Definition 1 we will have that

((xo 8 (o 830)) 8 (t0 1 90)) < 1o 8 (9o 8 30) and thus (((xo 2 (90 8 30)) & (20 890)) 8 30) <19 8 (99 2 30) 2
30 = 0, (Definition 1 Property P1) and Proposition 2 gives us & <((x0 3 (0o 830)) 8 (30 8 no)) ) 30) > £(0) and
(oo 8 90 2300) 8 (a0 890)) 8 30) < 5C0). Then £((a 8 1) 9:30) = £ (20 8 (o 9:300) 8 (50 8 90)) ¥30) 2
£0) and ¢((@1B) 230) = ¢ (((x0 (0o 830)) 2 (20 8 90)) 230) < 0). Now §(Czo 2 30) (9 2 30)) =
£(ro 8 (9o 830) 830) = £(@830) = T(§((a 0 B) 830),§( 830)) = T(£0),£(d 830)) = (b 8 30) = &((xo 9
90) 830) and ¢((xo 830) 8 (90 8 30)) = {(xo B (90 §30) 830) =¢(ad30) <T(C((@db)830),¢(b830)) <

I(((O)'((b 9 30)) =¢(b Y 3) = C((fo TR 30)- Thus f((xo 930) 8 (9o & 30)) 2 f((xo 9 o) 8 30) and
Z((xo 930) 8 (9o & 30)) < (((350 9 9o) 8 30) Y %,90,30 € U.

Proposition 5. Let §,{ € IFPIITS(YA) and %y, 99,30, 0,5 € A.

L If((x0 890) §10) 8 a<h,then&(xy 8 1) = T(&(a), (D)) and {(x, & 1) < S(¢(a), (D).

IL If((x0 8 D0) 830) 8 a<h, then &((x0 830) 8 (Mo 830)) = T(E(), E(D)) and T((xo 830) & (o & 30)) <
S(¢(), ¢(®)).
Proof: let &, € IFPIITG(A) and x¢, 9y, 39, 0,0 € A.

L Tet ((xo 8o) §90) & a <b then Proposition 4 [12] we get that ((xg 8 Do) 8 o) = T(£(a), £(6)). Then
§(xo 8 90) = T(£(Cxo ¥ 90) 8 90), €090 8 90)) = T(£((xo 3 96) ¥ 16),(0)) = §((xo 8 90) 8 10) =
T(£(a),§()). Then &(xo 8 90) = T(§(a), §(6)) and ((xo 8 90) 8 Mo) < S({(0), (B)). Then {(xo 2 9p) <
& (¢(Cxo 2 90) 290), {0 2 90)) = & (o 8 D0) ¥ 1),(0)) = {((xo 8 10) B 1) < S((0), ¢ (B)).
Then {(% % 1) < &(¢(a), (D).

1L Tet ((x0 8 1o) 830) & a < Db so from Proposition 4 [12] we get that &((xo 8 30) & (Mo 830)) = (o 8 1) 0
30) = T(£(a),§(0)), and {((xo 2 30) & (9o ¥ 30)) < (%o 2 1o ¥30) < S({(a),{(D)).

Proposition 6. Let &, € [0,1]% and ((x0 8 90) §10) § a < bV x9,10,30,0,b € W IFE(x, 8 1) = T(&(a),E(D))
and {(xy 8 o) < &(¢(a), (b)), then £, { € IFPIITS().

Proof: first, we prove that §,{ € IFIZS(A). Let %, 19,3¢ € U such that xy § vo < 3¢. Definition 1 and Property
P1 gives us that ((xo §0)80) 899 830 = (%0 8 10) 830 = 0. Thus ((x §0) §0) & vy <30. Putyp = 0,a =
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9o, b = 30 in hypothesis then §(xo) = £(xo § 0) = T(§(v), £(30)) and { (x9) = {(x 8 0) < S({(),{(30)). Thus
from Proposition 5 we get that &,{ € [FIZS(U). As (((xo 9 10) §90) 8 ((x0 8 1p) 0 1)0)) 90=0, so

(((xo 3 90) 8 1)0) ] ((xo 3 90) 0 I)o)) < 0V x5, € U. Using hypothesis will gives us &(xy § 1) = Si(f((xo ]

Do) & Uo)’f(o)) = f((xo % 1) 8 1)0), and {(xo899) <6 ((((xo 8 190) 8 1)0)'{(0)) = {((xo 9 99) 8 1)0)-
Therefore &, € IFPIITG(N).

Proposition 6. Let ,¢ € [0,1]% and ((xo 8 9o) §30) & a < bV %0, 10,30,0,5 € W If E((x0 1) 8 (Mo §30)) =
T(€(a),€(0)) and I((xo 8 o) 8 (W6 8 30)) < S(¢(a), (D)), then &, € IFPIITS(A).

Proof: let ((x 8 9o) 30) § @ < bV xy,90,30,0b € A Then (((xo 810) 830) 8 a) 96 =0.Nowé&(x, 8 vy) =

f((xo 9 90) 8 0) =$§(x0 o) = z(f(a):f(b)) and {(x 8 o) = (((10 8 190) 8 0) ={(xo 8 mo) < G(f(a):f(b))-
And as Proposition 5 we will have that &, { € IFPIITS(Y).

4| Intersection, Union, Cartesian Product and Homomorphism

Proposition 7. Let &,{ € IFIITS(A). Then é N {,& U { € IFIITS(A).
Proof: let %y, 9y, € A. Then
L (§n{(0) = T(£(0),4(0)) = T(§(x0),¢(x0)) = (€ NN (o), thus (€N E(0) = (€N (%), and (€U
(0) = &(£(0),4(0)) < &(&(x), ¢ (x0)) = (€ U D (o). Thus (€ U )(0) < (§ U (xo).

L (NG = T(E (o) SG) = T (z (5 (G0 8 @0 020)) 130),6G0)), T (¢ (20 8 (00 2:30)) &

30)@(30))) = ‘I(‘I (f ((350 9 (o 8 350)) g 30)'(((350 8 (o 9350)) g 30)>,‘I(§'(30),Z(30))> (Lemma 1)
(€N (502 00 85) 130), € NGy 50 (N Do) = T(E N Do 8 90), N ().

ML € UG = 8§60, () < & (e (5 (G0 8 @0 920)) 130),6G0)) & (¢ (20 8 (90 2 20)) &

30)@(30))) = G<G (f ((350 9 (o 8 350)) g 30)'(((350 8 (o 9350)) g 3o)>,6(f(30)'((30))> (Lemma 1)
S (U (30 @0 2 500) 130). 6 UG, 50 (U Do) < (U Do 8 0), € U @), Then
&N EU ETFIITZSA).

Proposition 8. Let §,{ € IFPIITS(A). Then £ N {,& U { € IFPIITS(A).

Proof: let £y, 9y € A. Then

L (¢n(0) =2(£(0),(0) = T(£(x0), {(x0)) = (€ N D (x). Thus (€N (0) = (€ N (x), and (£ U
D(0) =6(£(0),4(0)) < &(¢(x0),{(x0)) = (£ U (xo), thus (£ U (0) < (€ U D ().

I (NG 830) = 3(5(*0 830, (% 8 30))
= z(z (f((xo 9 9o) 8 30):5(00 g 30)):3: ((((fo 8 1) 8 30),6(1)0 g 30)))

z(z (f((xo 9 9o) 8 30):(((*0 9 19o) 8 30))'1(5(90 % 30), (o 8 30))) (Lemma T)

T( N (G0 8 90) 830), €N (o 8 30))
50 (§ N 0o §30) = T((€ N O ((x0 8 90) 230), (€ N (o 3 30)).
OL (U §30) = 6(5(*0 9 30),¢(x0 8 30))
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<6 (6 (S(((xo 9 90) 8 So)vf(% g 30))'6 ({((xo 9 90) 8 30):((1)0 g 30)))

G (6 (f((xo 9 99) 8 30)'((@0 9 190) 8 30))’6(5(1)0 930),{(mo 8 30))) (Lemma 1)
=& (€U O ((xo 8 0) 830). (U Do 230)),

50 (EU Q)0 230) < & (€U ((xo 190) 830), (6 U (o 230))- Then § N ¢, & U € IFPIITS().
Proposition 9. Tet £,¢ € IFIITS(A) and @, 9 € IFIITS(R). Then § X @, X 9 € IFITS X K).
Proof: let (%9, 7o) € A X &. Then (§ X ©)(0,0) = T(£(0),@(0)) = T(¢(x,), w(ny))
= (§ X @) (20, 9o)- Thus (§ X @)(0,0) > (§ x @) (x0, 1), and ({ x 9)(0,0) = S(¢(0),9(0))
< (¢ (), 9 (0p)) = (§ X 8) (%0, D). Thus (§ X 9)(0,0) < (¢ X 9)(xg, o). Also let x,, € A, and v, € &

fori =1,2,3. Now (¢ X w)(asol, 1)01) =% (f(fol),w(l)ol))

=226 o 920).800) (0, 0,9 0.) 0)
z(z (5 (20, 2 (20, 2 %6,) ). @ (90, @ (90, 8 nol))),i‘i(f(x%)ﬂ(%g))) (Lemma 1)

T(Ex o) ((3601 (%0, 9 %0,) ), (90, @ (90, @ t)ol))> (€ x @)(xo,, 1)03))

(
(

T x@) (xol,l)ol) g ((3502'1)02) g (3501' 001)))' (¢ x w)(x03lt)03))' Thus (§ X w)(fol'l)ol)

((x01'1701) ! ((3502'1)02) 9 (3501' 1)01)))' (€ x w)(x03,t)03)), and
(Z X 19)(x01'1)01) =6 (z(x01)'19(t)01))

<G (6 (¢ (201 8 (20, 9%0,)) ¢(50,)) & (9 (90 8 (0o, 8 95,)) ,19(%3)))
(=t
(
(

S| x9) (xol %1) g ((foz t)02) g (xol 001)))'@ X ﬁ)(xo3'003))

>T| (¢ xw)

S

x01 0 (%0, 9 x01)) (1)01 8 (9o, 9 001)));6(((3603),19(1)03))> (Lemma 1)

S

(@ 19) 3501 9 (3502 03501)) (1)01 0 (1)02 g 1)01))):(5 X 79)(*03'1)03))

Thus (¢ X 9)(x0,,90,) < 6( ¢ %9 ((01:901) 8 ((2090,) ¥ (20,,90,)) ). € X 9oy, 1)03))

Then & X @,{ X 9 € IFITS(A x K).

Proposition 10. Let £,{ € IFPIITS(A) and @, 9 € IFPIITS(K). Then & X @,{ x 9 € IFPIIS(A X K).
Proof: let (x,9) € A X K. Then (§ X )(0,0) = T(£(0), w(0)) = T(£Go), @(vo))

= (& X ®)(x0, o). Thus (§ X ©)(0,0) > (§ X @) (%o, 1), and (T x 9)(0,0) = &((0),9(0))

< &(¢(x0),9(m0)) = ({ X 9)(x0,1p). Thus ({ x 9)(0,0) < ({ X 9) (%0, 1p). Also let %, € U, and vy, € & for
i=1,23.Then (¢ X @) (20, 90,) ¥ (%03 903)) = ¢ X @) (20, 0 %050, 0 V0,)



37 Satyanarayana and Kalavath | Uncert. Disc. Appl. 1(1) (2024) 29-40

T (50, 8 %03), @ (00, 2 v05))

g 3: (x01 2 3602) 2 3E03) f(xoz 2 3603)) ( ((1)01 0002) 2 I)03)’1‘3(1)02 0903)))

v

(=6
z(z (G501 8 %0,) 3 %05), @ (90, 8 90,) 9 905)), T (£ (20, 8 %05, @ (0, 8 903))> (Lemma 1)
-3 ((g x @) (0, 2 20,) ¥ %05, (00, 890,) 8 905)), € x @) (20, 8 %05, (90, 0 %3)))

S z((f X @) (((xol 90,) @ (%03 90,)) @ (xoss %3)) & x@) (20 90,) ? (05, %3)))

(& % @) ((x0190,)  (x0303)) =

(6 %) (o 90 # o 902)) B (g 90) ) 6 X ) (g 902) B (me) )

and (¢ x 9) ((20,90,) 8 (03:905)) = (€ X 9)(x0, 3 090, 8 905) = & (20, 8 %03),9(v0, 8 90,))

<6 (6 (c (20, 9 %0,) 8 %05) ¢ (x0, 8 xo3)) NS (19 (90, 290,) 8 905),9(90, 8 nog)))

G (6 (( ((3501 0 foz) g 3503):19 ((1)01 g 1)02) g 1)03))»6 (((3502 g xo3);19(1)02 0 1)03))> (Lermnma T)
=6 ((( X 9) (((3501 9 xoz) g 3503): ((1)01 0 1)02) 0 1)03)>: ¢ x9) ((3502 g 3503): (1)02 9 1)03)))
= 6((( X 9) (((3501' 1)01) 0 (3502:1)02)) g (303:1)03)>: ¢ x9) ((3502:1)02) g (3503'1)03)))

(( X 19) ((301' I)01) g (X03, I)03)) <

6((( X ) (((301'1)01) g (302:1)02)) 0 (3503:1)03)>:(f X ) ((3502'1)02) 9 (3503'1)03)))

Then é X @, { x Y € IFPIITGS(A X K).

Proposition 11. If ¢, { € IFIITS(A) and ¢: A —» K& be a homomorphism of BCK-algebras. Then ¢(£),¢({) €
IFIITS(K).

Proof: let x, € A, and y, € & with ¢(xy) = yy. Now ¢(£)(0) = sup{é(0)|0 € U, ¢(0) = 0}
= sup{&(xo)|xg € U, () = 9o} = ¢(£)(Wp)- Thus ¢(£)(0) = ¢(§)(no) and

¢(¢)(0) =inf{g(0) | 0 € A, ¢(0) = 0} < inf{{(x0) | 2o € A, ¢(%0) = Do} = ¢({) (o). Thus ¢({)(0) < ¢({)(Mo)-
Also let xg, %o, %9, € U such that ¢(xy) = 1o, g(xol) = 1)01'9(3502) = 1,,. Then

¢(§) (o) = sup{&(xo)lxy € U, ¢(x0) = 1o}

> sup {T (£ (20 0 (20, 8 %)), £(x0,)) | 20,011 %0, € Wsx0) = 90,5(x0,) = D05 (x0,) = 9o )

= %(sup {£ (%0 8 (r0, 8 %0)) | %0150, € U 6Gx0) = 90,6(x0,) = 90, }, 5up{E (50,)] 50 € W 6(50,) = oy}
= T(sup{£ (20 9 (20, 9 %)) |£0:%0, € W g (%0 8 (%0, %)) = 1o 8 (90, 2 00)},

sup( ()| xo, € % 5(%0,) = 90,1) = T () (90 & (9o, 8 90))6E)(o,))
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therefore ¢(§)(no) = T (c(s‘) (90 9 (9o, 8 r)o)),c(f)(t)oz)> and ¢(0)(9) = inf{{ (xo)lxo € U, 5(x0) = 1o}
< inf{& (¢ (10 0 (20, 8 %)), $(x0,)) | 20: o1 %0, € W 620D = 90,5 (x0,) = Doy (x0,) = 9o, )

= &(inf{{ (xo 8 (xo, 2 %)) [0, %0, € U 6(x0) = 90, 6(%0,) = Vo, }, INF{T (x0,) |20, € U, 6(x0,) = Do, D)

= &(inf{¢ (0 8 (xo, 9 %)) | %0, %0, € 2 (20 8 (0, 9 %0)) =10 7 (0o, 8 90)},

inf{¢ (x0,) | 50, € %,5(%0,) = 90,1) = & () (9 8 (90, 8 90)),6()(0o,) ). Therefore

$(O)@o) < &(5(©) (90 8 (90, 190)).5@)(v0,) ). Therefore 5(£),64) € IFITES(S).

Proposition 12. If w,9 € IFIITS(K) and¢:A—-> K be a homomorphism of BCK-algebras. Then
¢ @), ¢ () € IFITS).

Proof: let x, € A. Then ¢~ (@) (x9) = ®(5(0)) = w(s(xy)) = ¢ () (x,) and

C_l(ﬁ)(xo) = 8(@(0)) < 19(@(%0)) = C_l(‘g)(xo)- Let X0, X0, %0, € A As Q_l(w)(xo) = m(‘;(xo))
> I(ﬁf (g(xo) 9 (g(xol) 9 g(xo))),w (g(xoZ))> =g <w (g (xo § (%0, 8 xo))),m(g(xOZ)))

=3 (g‘l(m) (xo § (%0, 0 xo)),g‘l(m)(x()z)), soc i (@GE) =T (g‘l(m) (xo 9 (%0, 0 xo)),g‘l(m)(x()z)), and
S (O)(x0) = 9(5(x)) < & (e (56202 8 (5(20,) 2 66x0)) ) 8 (c(xoz)))

=6 (19 (Q (3{0 g (xol g xo))),‘g (C(xoz))) =6 (g_l(a) (350 ! (x01 9 xO))'g_l(ﬂ)(xoz))’ SO

¢c1®)(x) <G (g_l(x‘)) (xo ) (xgl 0 xo)),g‘l(ﬂ)(x()z)). Therefore ¢~ (w), g 1(9) € IFIITS(A).

Proposition 13. If £,{ € IFPIITS(A) and ¢: A —» K be a homomorphism of BCK-algebras. Then ¢(£),¢({) €
IFPIITS(K).

Proof: let x, € A, and y € K with ¢(x5) = 9y. Now ¢(§)(0) = sup{§(0)|0 € A, (0) = 0}

> sup{§(xo)| xo € A, 6(x0) = 1o} = 6(§) (o), thus ¢(§)(0) = (§)(y,) and 5()(0) = inf{g(0)|0 € A, 5(0) = 0}
< inf{Q(xo)| xo € U, 5(x0) = 9o} =D (M), thus ¢(D(0) < 5(D(o). Also let xq,,%p,, %0, €A such that

5(x01) = Doy, 5(%0,) = Doy S(%05) = Do5- Then

(&) (90, ¥ 905) = sup{§(xo, 2 %03)|%0,, %05 € A 5(%0;) = Doy, §(%05) = Vo)

= sup {S (E((Xol 0 %o,) 8 ’E03)'E(’E02 g 3‘03)> | %01, %04 %03 € U 6(%0,) = 1oy, S(%0,) = Doy §(%05) = 1)03}
= T(sup {E ((xol 0 %,) 0 x03) | X010, %03 € A, S(%0;) = Doy, 6(%0,) = 05 S(%05) = 1)03},

sup{&(zo, ¥ %03)| %0, %05 € % (%0,) = V0, 5(%03) = Do3))

= Z(sup {E ((3‘01 0 %o,) 9 x03) | %01, X0, ¥o3 € ﬂ.c((fol 8 %,) xo3) = (9o, 8 Do) ¥ 1)03},

sup{§(%0, 2 05| %0, %05 € W 6(0, 8 %03) = Vo, 8 03, })

=3 (c(E) (90, 290,) 2 905),S®(90, 8 003)>-

Therefore ¢(8)(no, 8 Do5) = T (‘;(E) ((1)01 9 1o,) 8 1)03) ,5(®) (o, 8 1)03)> and
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6D (o, 8 Dog) = Inf{T(x0, 8 %0,)|%0y %05 € W(xo;) = Doyr S(%05) = Vos}

< inf{c (c ((ro 9 %05) 8 %05 ) U(so 8 x03)) %01, %05 %05 € %,6(x01) = 90, 6(50,) = D03 S(%05) = D05
= G(inf{Z ((ae01 0 %,) 8 x03) | %01 %0, %03 € U 6(%0,) = Doy, S(%0,) = Doy §(%0;) = 903},

inf{g(xo, 8 %03)| %0, %05 € A 5(%0,) = Do, 6(X05) = 10s))

= &(inf{T ((xo, 8 %0,) 8 %03) [foy To %05 € 5 (205 8 %0,) 2 %0,) = (90, 8 90,) 8 05},

inf{g(x0, 8 %04)| X0, %05 € W, 6(%0, 8 %03) = o, 8 Vo, })

= G(C(O ((%1 8 90,) %3)'9@(%2 g I)03))'

Therefore §8) (9o, 8 903) < & (5@ ((v0, 2 90,) 2 905, 5@ (0o, 8 90) ).

Therefore (), ¢(Q) € IFPIITS(K).

Proposition 14. If ©,9 € [FPIITS(K) and ¢A —> K be a homomorphism of BCK-algebras. Then
¢ (), (V) € IFPIITS().

Proof: let £, € U. Then ¢~ 1(w)(0) = w(5(0)) = w(5(xo)) = ¢~ 1(w) (o), and 1) (0) = 9(5(0))

<9(s(xp)) = 61O (xo). Let X0y, %0, Xo5 € WAl As g‘l(m)(xol 0 x03) =® (g(xol 0 x03))
= 0 (o) 0 56a0)) = % (0((s60,) 0 a0))  000)) 0 (500) 1)

=g (w(g(xol 9 %0,) 8 x03),m(g(x02 3 x03))) = z(g‘l(m) ((xol 8 %p,) 8 x03),g-1(w)(x02 ) x03)), SO
¢ (@) (%0, B %05) = X (g‘l(m) ((3501 9 %9,) x03),g‘1(m)(3€02 i x03)), and ¢7*(9) (%o, ¥ %o5)

(9(3‘01 g 3‘03)) =9 (9(3‘01) g C(*Os) < 6( <(§(3E01) 9 9("02)) 2 €(3503)) (9(3‘02) 2 9(3‘03))>

= & (90(s(e0, 2 20,) 2 2059 (s(50; 8 705))) = & (57 (G20, 2 %0,) 2 205), 57 () s, 8 205) ), so
§ ) (20, 8 %05) = & (570) (20, 8 %0,) D 305), 67 () (0, 2 %05) )

Therefore ¢~ (w), "1 (9) € IFPIIIS().

5| Conclusion

This study has introduced and explored “fuzzy implicative ideals and fuzzy positive implicative ideals in BCK-
algebras under (T, S)-norms,” establishing connections with “intuitionistic implicative and positive implicative
ideals.” The investigation of these ideals under various operations, including “intersection, union, Cartesian
product, and homomorphisms,” has provided valuable insights into their properties and behavior,
contributing to the advancement of BCK-algebra research and fuzzy logic.

The findings of this research have the potential to enrich the theory of “BCK-algebras and fuzzy logic,”
paving the way for applications in decision-making, artificial intelligence, and other areas where uncertainty
and imprecision are inherent. The introduced concepts and established relationships can serve as a foundation
for further investigations, fostering advancements in algebraic structures and fuzzy set theory.

Future research directions include exploring applications of these ideals in real-world problems, investigating
further properties and characterizations in different algebraic structures, and developing new approaches to
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fuzzy set theory and BCK-algebras using (T, S)-norms and other mathematical tools, potentially leading to
novel insights and applications.
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