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Abstract

Rough set theory provides a mathematical framework for approximating subsets using lower and upper bounds
defined by equivalence relations, effectively capturing uncertainty in classification and data analysis. Building upon
these foundational concepts, further generalizations such as Hyperrough Sets and Superhyperrough Sets have been
developed. The Weighted Rough Set is an extension of rough set theory that incorporates importance weights
for attributes, enabling more precise classification and approximation. In this paper, we investigate the Weighted
Hyperrough Set, Weighted Superhyperrough Set, Sequential Hyperrough Set, and Sequential n-Superhyperrough
Set, each of which extends the fundamental ideas of Weighted Rough Sets and Sequential Rough Sets to more
complex and high-dimensional decision environments.
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1|/Introduction and Definitions

This section provides an introduction to the foundational concepts and definitions required for the discussions in this paper.
Throughout this paper, all sets under consideration are assumed to be finite.

1.1|Rough Set, HyperRough Set, and Superhyperrough Set

A rough set approximates a subset using lower and upper bounds determined by equivalence classes, thereby capturing both
certainty and uncertainty in membership [1-3]. The following definitions formalize these concepts.

Definition 0.1 (Set). [4] A set is a well-defined collection of distinct elements or objects. If a is an element of a set A, we
write a € A; otherwise, we write a ¢ A.

Definition 0.2 (Subset). [4] Let A and B be sets. A is called a subset of B, denoted A C B, if every element of A is also an
element of B. If A C B but A # B, then A is called a proper subset of B, denoted A C B.
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Definition 0.3 (Empty Set). [4] The empty set, denoted by @, is the unique set containing no elements. Formally, for any
set A, @ C A.

Definition 0.4 (Universal Set). A universal set, denoted by U, is the set that contains all elements under consideration in a
particular context. Every set discussed is assumed to be a subset of U.

Definition 0.5 (Rough Set Approximation). [5] Let X be a nonempty universe of discourse, and let R € X X X be an
equivalence relation (also called an indiscernibility relation) on X. The relation R partitions X into disjoint equivalence
classes, denoted by [x] g for each x € X, where

[x]r ={y € X | (x,y) € R}.
For any subset U C X, the lower approximation U and the upper approximation U are defined by:

(1) Lower Approximation:
U={xeX|[x]r CU}.
This set contains all elements whose entire equivalence class is contained within U; these elements definitely
belong to U.

(2) Upper Approximation:
U={xeX|[x]lrNnU % 0}.
This set contains all elements whose equivalence class has a nonempty intersection with U; these elements possibly
belong to U.

Thus, the pair (U, U) forms the rough set representation of U, satisfying

UcucuU.
The HyperRough Set extends rough set theory by incorporating multiple attributes. Its formal definition is given
below [6-8,8-11].

Definition 0.6 (HyperRough Set). [6, 11-13] Let X be a nonempty finite universe, and let 71,73, . .., T, be n distinct
attributes with corresponding domains Ji, Ja, . . ., J,. Define the Cartesian product

J=J1 XJy X XJ,.

Let R C X X X be an equivalence relation on X, with [x]g denoting the equivalence class of x. A HyperRough Set over X
is a pair (F,J), where:

e F:J — P(X) is a mapping that assigns to each attribute value combination a = (ay, as,...,a,) € J a subset
F(a) C X.

e For each a € J, the rough set approximations of F(a) are defined as

F(a)={x € X | [x]r € F(a)}, F(a)={xe€X|[x]gNF(a)#0}.

Here, F(a) comprises all elements whose equivalence classes are completely contained within F'(a), while F (a) contains
elements whose equivalence classes intersect F(a). Additionally, the following properties hold for all a € J:

OMQW.

e If F(a) = @, then F(a) = F(a) = @.
. IfF(a):X,thenwzsz.

Example 0.7 (E-commerce Customer Segmentation). Let X = {cy, ..., cg} be a set of six customers. We consider three
attributes:
T, = Region, J; = {North, South},
T, = AgeGroup, J, = {Young, Adult},
Ts = Device, J3 = {Mobile, Desktop}.
Thus the Cartesian product
J=J1xXJaxJ3
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has eight possible combinations. Define an equivalence relation R on X by
(ci,cj) € R &= c¢; and c; share the same Region and AgeGroup.
The resulting equivalence classes are

[c1]lr ={c1,c2}, [c3lr ={c3}, [calr =A{ca,c5},  [celr = {cs}

Define the mapping F': J — P (X) on two illustrative attribute-value combinations:
F (North, Young, Mobile) = {cy, c2},

F (North, Young, Desktop) = {c2}.
Then the rough approximations are computed as follows:

F (North, Young, Mobile) = {x € X | [x]r € {c1,c2}} = {c1, 2},

F(North, Young, Mobile) = {x € X | [x]g N {c1,c2} # 0} = {c1,c2},
and for the second combination:
F(North, Young, Desktop) = {x € X | [x]r C {c2}} =2,

F(North, Young, Desktop) = {x € X | [x]r N {c2} # 0} = {c1,c2}.
This example shows how the lower approximation contains exactly those customers whose entire equivalence class lies
inside F(a), whereas the upper approximation includes all customers whose class has any overlap with F(a).

An n-SuperHyperRough Set generalizes rough sets by using power sets of attribute values to produce nuanced approximations
under uncertainty. The definition of n-SuperHyperRough Sets is described as follows.

Definition 0.8 (n-SuperHyperRough Set). [11,14] Let X be a nonempty finite universe, and let 77, T3, . . ., T,, be n distinct
attributes with respective domains Ji, J>, . . ., J,,. For each attribute T}, let P (J;) denote its power set. Define the set of all
possible attribute value combinations as

J=PJ1) XP(J2) X XP(Jy).
Let R C X X X be an equivalence relation on X. An n-SuperHyperRough Set over X is a pair (F,J), where:

e F:J — P(X) is a mapping that assigns to each attribute value combination A = (A, Ay,...,A,) € J (with
A; C J; for all i) a subset F(A) C X.

e For each A € J, the lower and upper approximations are defined as

F(A)={xeX|[x]g CF(A)}. F(A)={xeX|[x]gNF(A) #0}.

Thus, F(A) consists of all elements whose equivalence classes are entirely contained in F(A), and F(A) includes those
elements whose equivalence classes intersect F(A). The following properties hold for all A € J:

If F(A) = @, then F(A) = F(A) = @.

If F(A) = X, then F(A) = F(A) = X.

For any A, B € J,

F(ANB) C F(A)NF(B), F(AUB)2F(A)UF(B).

Example 0.9 (Online Retail Customer Analysis with 2-SuperHyperRough Set). Let X = {c, ¢2, ¢3, ¢4, Cs,C6} be six
customers of an e-commerce platform. We consider two attributes:

T, = Category, J; = {Electronics, Clothing}, T, = Channel, J; = {Online, InStore}.

The super attribute space is
J' =P () X P(),
whose elements are pairs (A}, Ap) with A} C J; and A C Js.
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Define an equivalence relation R on X by
(ci,cj) € R & ¢; and ¢ share the same membership tier.
Suppose the membership tiers partition X into

[cilr ={c1,c2},  [e3lr ={c3,ca},  leslr = {cs,c6}

Let F* : J* — P (X) be defined for two illustrative super-attributes:
F*({Electronics}, {Online}) = {cy,c2,c3},  F*({Electronics, Clothing}, {Online}) = {c2, ¢3, ¢s}.

For the first combination A = ({Electronics}, {Online}), the lower and upper approximations are
F*(A) ={xe X | [x]g C{c1,ca,c3}} =A{c1,c2}s
F*(A) ={x € X | [x]r N {c1,c2,c3} # 0} = {c1,c2,¢3, ¢4}

For the second combination B = ({Electronics, Clothing}, {Online}), we have

F*(B) ={xe X | [x]gr C{c2,c3,¢5}} =2,
F*(B) ={x e X | [x]r N {c2,c3,¢5} # 0} = {c1,c2,¢3, ¢4, C5,C6}

This example demonstrates how an n-SuperHyperRough Set uses power-set combinations of attributes to build nuanced
lower and upper approximations in a real-world customer segmentation task.

1.2|Weighted Rough Sett

We present a detailed formulation of the Weighted Rough Set model (cf. [15-18]). This model extends classical rough set
theory by quantifying the importance of each attribute through numerical weights, thereby allowing a precise and nuanced
evaluation of decision systems.

Definition 0.10 (Information System). [15] An information system is defined as a quadruple
S=(U,A,{Vataca {fa}aca),

where:
e U is a finite, nonempty set of objects (e.g., patients, loan applicants, or regions).
e A is a finite set of attributes.
e For each attribute a € A, V, is a nonempty set called the domain of a (e.g., Vrever = {High, Normal}).
e For each attribute a € A, f, : U — V, is a function that assigns to each object x € U a value f,(x) € V.

Often, the set A is partitioned into condition attributes C and decision attributes D, and the information system is then
denoted by

S=(U,Cu{D}).
For example, in a medical diagnosis system, C might include symptoms such as Fever, Cough, and Fatigue, while D
represents the diagnosis (e.g., flu or non-flu).

Definition 0.11 (Weighted Rough Set). [15] Let S = (U, C U {D}) be an information system as defined above. The
indiscernibility relation R¢ on U is given by
(x,y) € Rc & VYaeC, fa(x) = fu(y),

which partitions U into equivalence classes [x]¢ containing objects with identical values for all condition attributes. For
any subset X C U, the classical rough set lower approximation is

X={xeU]|[x]lc € X}.

For any subset B C C, the dependency degree of the decision attribute D on B is defined by
_ [POS,(D)|

VB >
|UI
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where the positive region POS g (D) is the union of all equivalence classes in U that are completely contained in a single
decision class.

The significance of an attribute a € B is measured by

6(a) =y~ YB\{a}

which quantifies the reduction in dependency when a is removed from B. The weighted importance (or weight) of a is then
computed as

wia) = —2_
D 6b)
beB
ensuring that w(a) > 0 and
Z w(a) = 1.
aeB

Furthermore, for any subset X C U and a given threshold  (with 0 < @ < 1), the weighted lower approximation of X with
respect to B is defined as

B, (X)= {x elU

Ywi@ I(Ixls € X) 2 a},
aeB
where the indicator function /(-) is defined by

1, if ¢istrue,
I(p) = o
0, if ¢is false.

This weighted approach refines the approximation by considering the relative contribution of each attribute in classifying
the objects.

Example 0.12 (Medical Diagnosis with Numerical Details). Medical diagnosis is the process of identifying diseases or
conditions in patients by analyzing symptoms, medical history, and diagnostic test results (cf. [19,20]). Consider a medical
diagnosis system with:

e U ={pi1, p2, p3, pa}, representing 4 patients.

e Condition attributes C = {Fever, Cough, Fatigue}, with domains:
Vrever = {High, Normal}, Vcougn = {Present, Absent},  Vfaigue = {Severe, Mild, None}.

e Decision attribute D indicates the diagnosis (Flu or Non-flu).

Suppose the recorded data is as follows:

Patient ‘ Fever  Cough Fatigue ‘ Diagnosis

D1 High  Present Severe Flu
P2 High  Absent Mild Flu
P3 Normal Present None Non-flu
P4 High  Present Mild Flu

Assume that the dependency degree using all condition attributes is yc = 0.75 and that removing Fever gives yc\ (Fever} =
0.50. Then, the significance of Fever is

6(Fever) = 0.75 — 0.50 = 0.25.
Similarly, suppose 6(Cough) = 0.15 and 6(Fatigue) = 0.10. The weights are then computed as:
0.25 0.15 0.10
F = = (.50, Cough) = —— = 0.30, Fati = ——=0.20.
w(Fever) = 525 +0.15+ 0.10 w(Cough) = 5755 w(Fatigue) = 5755
For the set X of patients diagnosed with Flu, say X = {pi, p2, pa}, and a threshold @ = 0.5, the weighted lower
approximation B, ,(X) includes any patient p for whom the weighted sum

w(Fever) - I([p]c € X) +w(Cough) - I([p]lc € X) + w(Fatigue) - I([p]c € X)

is at least 0.5. This detailed calculation clearly demonstrates how the weighted rough set model uses attribute significance
to filter and classify patients.
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Example 0.13 (Credit Scoring with Detailed Computation). Credit scoring is the process of evaluating an individual’s
creditworthiness based on financial attributes and repayment history using statistical models (cf. [21,22]). Consider a credit
scoring system where:

e U ={aj,as,as,ay,as} represents 5 loan applicants.
e Condition attributes C = {Income, Debt Level, Employment Status} with domains:

Vincome = {Low, Medium, High},  VpebtLevel = {Low, High}, VEmployment Status = {Unemployed, Employed}.

¢ D indicates whether an applicant is creditworthy.

Assume that using all condition attributes yields y¢ = 0.80 and that removing Income results in Y\ {ncome} = 0.60, so that

6(Income) = 0.20. Further, let 8(Debt Level) = 0.10 and 6(Employment Status) = 0.10. The weights are then:
0.20 0.10 0.10

I =—=0. Debt Level) = —— = 0.2 Empl =——=0.25.

w(Income) 0.40 0.50, w(Debt Level) 0.40 0.25, w(Employment Status) 0.40 0.25

For a subset X of creditworthy applicants and a threshold @ = 0.6, the model computes the weighted lower approximation
by verifying that, for each applicant a, the combined weighted evidence from all attributes is strong enough (i.e., at least
60%) to support inclusion in X. This concrete computation ensures that the model effectively distinguishes creditworthy
applicants based on weighted financial indicators.

Example 0.14 (Environmental Monitoring with Specific Details). Environmental Monitoring is the systematic collection
and analysis of data to assess environmental conditions, detect changes, and inform policy decisions [23-25]. Suppose an
environmental monitoring system is designed with:

e U={ry,ry,r3,r4,rs,r¢} representing 6 geographical regions.
e Condition attributes C = {Air Quality Index (AQI), Water Quality, Vegetation Cover} with domains:

Vaqr = {Good, Moderate, Poor},  Viyater Quatity = {Clean, Polluted},  Wegetation Cover = {Dense, Sparse}.

¢ D indicates an overall environmental risk level (e.g., low, moderate, or high risk).
Suppose the dependency analysis yields 6(AQI) = 0.30, 6(Water Quality) = 0.20, and 6(Vegetation Cover) = 0.10. The
corresponding weights are:
0.30

0.20 0.10
AQI) = — =0. W lity) = — = 0. Vi i =——=0.17.
w(AQI) 0.60 0.50, w(Water Quality) 0.60 0.33, w(Vegetation Cover) 0.60 0.17

For a set X of regions classified as low risk, the weighted lower approximation B, (X) will include a region r if the
weighted sum of the indicator functions (assessing whether the equivalence class [r]¢ is entirely contained in X) is at
least a threshold (e.g., @ = 0.5). This detailed example illustrates how the weighted rough set model can be applied to
environmental data for robust risk assessment.

1.3|Sequential Rough Set

We define the Sequential Rough Set (SRS) Model in a detailed and concrete manner. The SRS model refines Pawlak’s
classical rough set by sequentially partitioning the universe into regions using relevance degrees computed from equivalence
classes [26,27]. This approach improves fault-tolerance and concept approximation without additional assumptions.

Definition 0.15 (Sequential Rough Set Model). [27] Let
1= (U, A {Va}aea,r)
be an information table where:
e U is a finite, nonempty set of objects.

e A is a finite set of attributes.

For each a € A, V, is the domain of a.

r: U — [laea Va is the function that assigns values to objects.
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Let B C A be a chosen set of condition attributes, and define the equivalence relation Rg on U by
xRy & VaeB, fu(x)=fa(y).
Denote by B(x) the equivalence class of x under Rp.

For a target concept X C U (e.g., the set of objects with a desired property), define the relevance degree of x to X as

B(x)nX
EX(x) = M, if X # 0,
X1
and the relevance degree of x to the complement X = U \ X as
e B(x)NX -
EX(x) = % it X # 0.
X

The Sequential Rough Set Model is constructed by a stepwise (sequential) partitioning process. Initialize
X() =X and U() =U.
For a fixed positive integer n, choose a sequence of threshold pairs

(a17ﬁ1)7 (a27ﬂ2)’ R (an,ﬂn) with 0 < a’isﬂi <1

For each iteration i = 1,2, .. ., n, define the following subsets on the current universe U;_:

Pi(Xi—l) = {x e U; E;iil(x) > «; and Egiil(.X) < Bi

L
Ni(Xi-1) = {X €U Ef,f“(x) < @; and Eg""(x) > ,31'},
L
x ]

Bl,i(Xi—l) = {x e U;4 E;’t*] (x) > ; and E§i71 (x) > B
) = { € Ul—l

By i (X1 Ef,f"‘l(x) < a; and E?" (x) < Bi

Then set
U;=B;(Xi-1) and X;=XNU;.
The process continues until for some n, we have B, ,,(X,,—1) = 0. Finally, the overall regions are defined by
n n
POS5(X) = |_J Pi(Xim1), NEGs(X) = Ni(Xi-),
i=1 i=1

BNDg(X) = U Byi(Xi-1).
i=1

The model, denoted by
d = (I, POS3(X), NEGg(X), BNDB(X)),

is called the Sequential Rough Set Model of X induced by B. Notice that the classical positive region {x € U | B(x) C X}
is contained in POS g (X), ensuring that this model is a conservative extension of Pawlak’s classical rough set.

Example 0.16 (Sequential Rough Set Model in Patient Classification). Consider a simplified medical diagnosis scenario
with five patients:

U = {u13 u2, u3, u4, u5}~
Let there be two symptoms (attributes):

e a: Fever with domain V,, = {High, Normal},

e ay: Cough with domain V,, = {Present, Absent}.
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Assume the following data (for simplicity, only symptoms are listed and the decision attribute is given separately):

Patient | Fever  Cough | Diagnosis

uj High  Present | Disease
u High  Absent Disease
u3 Normal Present | No Disease
Uy High  Present | Disease
us Normal Absent | No Disease

Let the condition attribute set be B = {a, a>}. The equivalence classes induced by Rp are:
B(ui) ={ur,ua}, B(uz) ={uz}, B(us)={us}, B(us)={us}.
Define the target concept X as the set of patients with disease:
X =A{uy,ur,us}.

Now, compute the relevance degrees for each patient:

Buj)NnX Ui, U 2
- BNl 2,

w

1
EX(up) = '“;)—2}' = - ~033, EX(u4) ~0.67.

W |

For patients not in X (i.e. u3 and us):

|B(u3) N {uz, us}| _ 1
2 2

Also, for u; and uy, since B(u;) and B(u4) contain only patients from X,

EX(u3) = =050, EX(us) = 0.50.

Ex(u1) = Ex(uq) =0.
Choose thresholds for the first sequential trisection: let @; = 0.5 and 8; = 0.2.
Now, partition the initial universe Uy = U as follows:

o Pi(Xo) = {x €U | EX(x) > 0.5 and EX(x) < 0.2}. Here, u; and u4 qualify because EX(uy) = E(us) =0.67 >
0.5 and Eg(ul) = Eg(u4) =0<0.2.

e Ni(Xo)={xeU| Eg(x) < 0.5 and Eg(x) > 0.2}. Here, u3 and us qualify since Eg(ug) = Eg(u5) = 0 (as they
are not in X) and Ef (u3) = Ep (us) = 0.50 > 0.2.
e The remaining patients, u5, satisfy Eg (u2) =0.33 <0.5and Eg(uz) =0 < 0.2, so they belong to the boundary-II
region:
By,1(Xo) = {uz}.
e In this iteration, assume that B; ;(Xp) = @ (i.e., no object has both high relevance to X and high relevance to 7).

Set Uy = B2,1(Xo) = {u2} and X; = X N U; = {uz}. Since U; contains only one object, further partitioning would yield
empty regions. Thus, the sequential process terminates with:

POS5(X) = P1(Xp) U (any additional positive region from further iterations) = {u, u4},
NEGg(X) = N1(Xo) = {u3, us},
BNDg(X) = Bj,1(Xo) U (any additional boundary regions) = 0.

In this example, the SRS model clearly separates the patients: u; and u4 are decisively classified as having the disease,
u3 and us are classified as not having the disease, and u; is isolated in a residual (boundary) set that is resolved in the
subsequent iteration. This fine-grained process improves the fault-tolerance and precision in classifying patients compared
to the classical rough set model.
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2|Results of This Paper
This section presents the results obtained in this paper.
2.1|Weighted Hyperrough Set

We now present a detailed and concrete formulation of the Weighted Hyperrough Set, which extends the classical weighted
rough set by incorporating multiple attributes with non-uniform weights. This model is designed to capture the varying
degrees of importance of each attribute in a multi-attribute decision system.

Definition 0.17 (Weighted Hyperrough Set). Let X be a finite universe of objects and let R € X X X be an equivalence
relation on X. For each x € X, denote by [x] g the equivalence class of x under R. Suppose that there are n distinct attributes
T, Tz, ..., T, with corresponding nonempty domains Ji, J2, . . ., J,. Define the Cartesian product of the domains as

J=Ji XJp XX Jy,
so that each element a € J is an n-tuple a = (ay, a, . . .,a,) where a; € J;.

Letw : {T1,T»,...,T,} — [0, 1] be a weight function satisfying

n

2w =1,

i=1

which reflects the relative importance of each attribute in decision making.

A Weighted Hyperrough Set is defined as a pair (F),, J) where the mapping
Fy, :J - P(X)

associates to each attribute value combination a = (ay, as, . .., a,) asubset F,,(a) C X representing the objects that satisfy
the condition described by a.

Furthermore, for fixed thresholds 0 < a, 8 < 1, the weighted lower approximation and the weighted upper approximation
of F,,(a) are defined, respectively, by:

Fy(a) = {x e x| Dwir-1(1sle € Futa) 2 a},

i=1

Fy(a) = {x eX

Zn:w(n) : I([x]R N Fy(a) # @) > ﬁ},

i=1

where /(+) is the indicator function defined by
1, if ¢istrue,
1(p) = o
0, if pis false.

This model reduces to the classical Weighted Rough Set when n = 1 and to the standard Hyperrough Set when the weight
function is uniform (i.e., w(7;) = 1/n for all ©).

Example 0.18 (Weighted Hyperrough Set in Medical Diagnosis). Consider a medical diagnosis system in which:
e The universe X is a finite set of patients.
e Two symptoms are considered:
— T; = Fever with domain J; = {High, Normal},

— T, = Cough with domain J, = {Present, Absent}.

The Cartesian product J = J; X J; yields combinations such as (High, Present).

A weight function is assigned as w(77) = 0.6 (indicating that fever is more important) and w(7>) = 0.4.
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Define the mapping F,, by
F,, (High, Present) = {patients diagnosed with severe flu}.
Then, for a threshold @ = 0.5, the weighted lower approximation
ﬂ (High, Present)
consists of those patients x in X for which the weighted sum
0.6 I([x]r C F\ (High, Present)) + 0.4 I([x]g C F, (High, Present))

meets or exceeds 0.5. In practice, this means that a patient is included in the approximation if the equivalence class [x]g
(i.e., the set of patients with identical symptom profiles) is entirely contained in the set of patients diagnosed with severe flu,
and the combined weighted evidence from both symptoms is strong enough (as measured by the threshold).

Theorem 0.19 (Generalization via Weighted Hyperrough Set). The Weighted Hyperrough Set model generalizes both the
classical Weighted Rough Set and the standard Hyperrough Set. More precisely:

(1) When n = 1, the Cartesian product J reduces to J| and the weight function satisfies w(T) = 1. Consequently, the
weighted approximations become

Fy(a)={x € X [ I([x]r € Fw(a)) 2 @}, Fy(a)={x € X |I([x]r N Fy(a) # 2) 2 B},
which is exactly the definition of the classical Weighted Rough Set.
(2) When the weight function is uniform (i.e., w(T;) = 1/n for all i), the weighted sum reduces to the arithmetic mean

of the indicator functions, and the thresholds a and B reflect the required proportion of attributes satisfying the
conditions. This recovers the standard Hyperrough Set definitions.

Proof: (1) If n = 1, then J = J; and the only attribute 77 is assigned weight 1. Thus, the lower approximation becomes
Fy(a)={x € X | I([x]r € Fw(a)) = a},
and similarly for the upper approximation. This is identical to the classical weighted rough set framework.

(2) If w(T;) = 1/n for all i, then the weighted sum in the lower approximation is

n n

3 H(ixlr € Ful@) =+ " 1{[x]x € Fula).

i=1 i=1
The condition for inclusion in the approximation is now that the proportion of attributes for which [x]g is entirely contained

in F,, (a) meets or exceeds the threshold @. This is exactly the criterion used in the standard Hyperrough Set. Thus, the
Weighted Hyperrough Set indeed generalizes both models. O

2.2|Weighted SuperHyperrough Set

We now describe the Weighted n-Superhyperrough Set, a further generalization that combines the idea of weighting with the
power-set based attribute representation. This model accommodates more nuanced attribute combinations and uncertainties.

Definition 0.20 (Weighted n-Superhyperrough Set). Let X be a finite universe and let R € X X X be an equivalence
relation on X. Consider n distinct attributes 71, 7>, . . . , T,, with corresponding domains Jy, J», . . ., J,,. For each attribute T,
let P (J;) denote the power set of J;. Define the set of all possible attribute value combinations as

J*=PJ) X P(Jp) X+ XxP(J).
Letw : {T1,T»,...,T,} — [0, 1] be a weight function with

n

DT =1.

i=1
A Weighted n-Superhyperrough Set is a pair (F},, J*) where
F,:J > PX)
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assigns to each attribute combination A = (Ay, A2, ..., A,) € J* (with A; C J; for every i) a subset F;, (A) € X. For fixed
thresholds 0 < «, 8 < 1, the weighted lower and upper approximations of F;, (A) are given by:

i=1

F(A) = {x € X iwm) A(1x0r € Fy(a) 2 a},

Fi(A) = {x eXx

n
D ow(y) - I([x]R NF,(4) #0) 2 ,B} .
i=1
This construction generalizes the Weighted Hyperrough Set when each J; is crisp (i.e., when P (J;) essentially contains

only singleton subsets) and generalizes the classical n-Superhyperrough Set when the weight function is uniform.

Example 0.21 (Weighted n-Superhyperrough Set in Housing Selection). Housing selection is the decision-making process
of choosing a residence based on criteria like location, price, style, and personal preferences (cf. [28-31]). Consider a
decision-making scenario for housing selection where:

e X is a finite set of houses.

e Two attributes are used:
— T\ = Location with domain J; = {Urban, Suburban},
— T, = Style with domain J, = {Modern, Classic}.

e The power set £ (J;) includes @, {Urban}, {Suburban}, and {Urban, Suburban}; similarly for £ (J;). Thus, the
set J* consists of all combinations such as ({Urban}, {Modern}).

e The weight function is chosen uniformly as w(7}) = 0.5 and w(73) = 0.5.
Define the mapping F;;, by
F;,({Urban}, {Modern}) = {houses located in urban areas with modern design}.
For a threshold @ = 0.5, the weighted lower approximation

i ({Urban}, {Modern})

comprises those houses x € X for which the weighted sum
0.5 I([x]R C F?,({Urban}, {Modern})) +0.5 I([x]R C F?,({Urban}, {Modern}))

is at least 0.5. This ensures that only houses with a sufficiently strong overall alignment to the criteria are included,
effectively filtering out ambiguous cases.

Theorem 0.22 (Generalization via Weighted n-Superhyperrough Set). The Weighted n-Superhyperrough Set model
generalizes both the Weighted Hyperrough Set and the classical n-Superhyperrough Set. Specifically:

(1) If each attribute domain J; is crisp (that is, if each P (J;) consists only of singleton subsets and the empty set), then
J* is equivalent to the Cartesian product J = J1 X Jp X - -+ X J,, and the Weighted n-Superhyperrough Set reduces
to the Weighted Hyperrough Set.

(2) If the weight function is uniform (i.e., w(T;) = ,ll for every i), then the weighted approximations in the Weighted
n-Superhyperrough Set coincide with those of the classical n-Superhyperrough Set.

Proof: (1) Suppose that each domain J; is crisp, meaning that every J; consists solely of distinct, non-overlapping elements.
In this case, the power set P (J;) effectively contains only the singleton sets (ignoring the trivial empty set). Thus, the
Cartesian product

J =PJ)XP(Jp) X+ xP(J,)

collapses to the standard Cartesian product J; X J X - -+ X J, = J. As aresult, the mapping F}, is identical to F,, and the
weighted approximations remain unchanged, thereby recovering the Weighted Hyperrough Set.
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(2) Now assume that the weight function is uniform, so that w(7;) = % foralli = 1,2,...,n. Then for any attribute
combination A € J*, the weighted sum in the lower approximation becomes

3 L (ixle < Fy ) = %anl([x]R C Fyy(4).
; i=1

i=1 i=

This expression is identical to the corresponding term in the classical n-Superhyperrough Set, where the decision to include
an object x is based on the proportion of attributes for which [x]g satisfies the condition. The same argument applies to the
upper approximation. Therefore, with a uniform weight function, the Weighted n-Superhyperrough Set model recovers the
classical model. O

2.3|Sequential Hyperrough Set

This section presents the Sequential Hyperrough Set (SHRS) Model in a detailed and concrete manner. The SHRS model is
designed to generalize both the classical Sequential Rough Set Model and the Hyperrough Set Model by incorporating a
hyper attribute space and a sequential partitioning process.

Definition 0.23 (Sequential Hyperrough Set Model). Let
I = (U7 A’ {Va}a€A7 r)

be an information system, where U is a finite nonempty set of objects, A is a finite set of attributes, and for each a € A, V,
is its domain with 7 : U — [],c4 Vi assigning values to objects. Let B C A be a set of condition attributes. Define the
equivalence relation Rg on U by

xRpy & VaeB, fo(x)=fa(y),
and denote by B(x) the equivalence class of x under Rp.

Assume there are n distinct attribute domains Ji, Js, ..., J, associated with features of interest, and define the hyper
attribute space as their Cartesian product

J=J1 XJr X - XJ,.

Let F : J — P(U) be a mapping such that for every a = (ay,az,...,a,) € J, F(a) C U represents the set of objects
exhibiting the attribute combination a.

For a target concept X C U, define for each object x € U and for each a € J the hyperrough relevance degrees by
|B(x) N F(a) N X| |B(x) N F(a) N (U\X)|
1X| ’ U\ X ’

with the usual convention that if X (or U \ X) is empty, the corresponding relevance is defined as zero.

EX(x.,a) = EX(x,a) =

The Sequential Hyperrough Set Model is constructed by a sequential partitioning process. Initialize
Xo=X and Uy=U.
For a fixed number of iterations m, choose a sequence of threshold pairs

(al’ﬁl)’ (02’ﬁ2)’ SRR (am,ﬁm)

with O < a;, B; < 1 for each i. For each iterationi = 1,2, ..., m, define the following subsets of the current universe U;_;:

Pi(X;1) = {x € U;_1 | 3a € J such that Egi‘l(x,a) > «; and Eg(x, a) < ﬁi},
Ni(X;_)) = {x € Uiy | 3a € J such that EX' (x, a) < a; and EX (x,a) > ﬁi},
Bii(Xio1) = {x Fa € J such that Eg"“(x, a) > «a; and Eg(x, a) > ﬁi},

By i(Xi-1) =i{x € Yacel, Eg""(x,a) < «; and Eg(x,a) sﬂ,-}.

Then update
U; = Bg’i(Xi_l) and X;=XnNnU;.
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The overall regions for X induced by B are then defined as
m m
POS5(X) =|_JPi(Xim1), NEGs(X) = Ni(Xi-),
i=1 i=1

m

BNDg(X) =] B1i(X;1).

i=1

Thus, the Sequential Hyperrough Set Model is the tuple
Dy = (1, POSg(X), NEGz(X), BNDB(X)).

This model generalizes the Sequential Rough Set Model (when J is a singleton) and the standard Hyperrough Set Model
(whenm = 1).

Theorem (.24 (Generalization of Sequential Hyperrough Set). The Sequential Hyperrough Set Model ®y generalizes:

(1) The classical Sequential Rough Set Model, when n = 1 (i.e., when J = J| and the mapping F reduces to the identity
onJy);

(2) The Hyperrough Set Model, when the sequential process is executed in a single iteration (m = 1).

Proof: (1) If n = 1, then J = J; and the mapping F : J; — P (U) partitions U based on a single attribute. The relevance
degrees Eﬁ (x, @) then become equivalent to those defined in the Sequential Rough Set Model. Thus, @y coincides with
the classical Sequential Rough Set Model.

(2) If m = 1, the sequential process consists of one partitioning step using thresholds («, 81) over the hyper attribute space
J. This single-step partitioning is exactly the standard Hyperrough Set Model. Therefore, @ generalizes the Hyperrough
Set Model. O

Example 0.25 (Sequential Hyperrough Set in Housing Selection). Consider a housing selection scenario:
e Let U be a set of houses.

Two attributes are considered:

— Ti = Location with domain J; = {Urban, Suburban},

— T, = Style with domain J, = {Modern, Classic}.

The Cartesian product J = J; X J, contains combinations such as (Urban, Modern) and (Suburban, Classic).

Define F((Urban, Modern)) as the set of houses located in urban areas with modern design.

Let the target concept X be the set of houses that are highly desirable to a buyer.

For each house x € U and for each attribute combination a € J, compute the relevance degrees E g (x,a) and Eg(x, a).
Suppose that for the first iteration, thresholds @y = 0.6 and §; = 0.3 are chosen. Then, houses for which there exists an

a € J with Eg (x,a) > 0.6 and Eg(x, a) < 0.3 are placed in the positive region P;(Xp); ambiguous cases fall into the
boundary region B; 1 (Xp) and are further partitioned in subsequent iterations. This sequential refinement ultimately yields
a detailed classification that enables a buyer to identify houses matching their preferences with higher accuracy.

2.4|Sequential Hyperrough Set

In this section, we define the Sequential n-Superhyperrough Set (SnSHRS) Model. This model extends the Sequential
Hyperrough Set Model by allowing each attribute’s domain to be represented by its power set. This additional flexibility
enables a more granular handling of uncertainty and complex attribute combinations.

Definition 0.26 (Sequential n-Superhyperrough Set Model). Let
[ = (U5 A7 {Va}aEA’ r)
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be an information system and let B C A be a set of condition attributes. For each attribute 7; (where i = 1,2, ...,n) with
domain J;, denote its power set by P (J;). Define the super attribute space as
I =P X P2 XX P(Jy).

Let F* : J* — P(U) be a mapping that assigns to each combination A = (A}, Az,...,A;) € J* (witheach A; C J;) a
subset F*(A) C U.

For a target concept X C U, define for each x € U and for each A € J* the relevance degrees as
|B(x) N F*(A) N X| |B(x) N F*(A) N (U\ X)|

, EX(x,A)=
IX| B U\ X]|

Eg(x, A) =

Select a sequence of threshold pairs

(al9ﬁl)7 (a29ﬁ2)7 LR ] (am’ﬁm)
with 0 < a;, B; < 1. Initialize
X()ZX and U()ZU.

For each iteration i = 1, . . ., m, define the following subsets of U;_;:

Pi(Xi-1) = {x € U;—1 | 3A € J* such that Eg"‘l (x,A) > a; and Eg(x,A) < ﬂi},
N} (X;—1) ={x € U;j—; | 3A € J" such that E;"" (x,A) < a; and Eg(x, A) > ﬁi},

3 A e J* such that Egi“ (x,A) > a; and Eg(x, A) > ,Bi},

{
B} (X, = x
{

€ Ul—l
By, (Xi-) = {x e Uiy [VA € 7", EX1(x, ) < ; and Ef (x, A) < ,ei}.
Then update
U[ZB;J(X[_]) and X[ZXnUi.
The overall regions for X are defined as

m m
POS5(X) =|_J Pi(Xi1), NEGp(X)=| N/ (X; 1),
i=1 i=1
m
BNDg(X) = |_] B} ;(X;1).
i=1

Thus, the Sequential n-Superhyperrough Set Model is the tuple
Dy = (1, POS3(X), NEGz(X), BNDB(X)).

This model generalizes the Sequential Hyperrough Set Model by allowing the representation of attribute domains via their
power sets, thereby enabling a more detailed treatment of uncertainty and complex attribute interactions.

Theorem 0.27 (Generalization of Sequential n-Superhyperrough Set). The Sequential n-Superhyperrough Set Model @5
generalizes:

(1) The Sequential Hyperrough Set Model, when for each i the power set P (J;) contains only singleton subsets (so that
J* is isomorphic to J; X -+ - X Jy);

(2) The classical n-Superhyperrough Set Model, when the sequential process consists of a single iteration (i.e., m = 1).

Proof: (1) If every P (J;) contains only singleton subsets, then every element A € J* is of the form ({a;}, {az},...,{an}),
and J* becomes naturally isomorphic to the Cartesian product J; X J X - - - X J,,. In this case, the mapping F* reduces to
the mapping F in the Sequential Hyperrough Set Model, and the computed relevance degrees Eﬁ (x, A) coincide with those
in the SHRS model. Hence, @y is equivalent to the Sequential Hyperrough Set Model.

(2) If the sequential process is executed in only one iteration (i.e., m = 1), then the entire universe U is partitioned in a
single step using the thresholds (a1, 81) applied over the super attribute space J*. This procedure exactly corresponds to
the classical n-Superhyperrough Set Model. Therefore, @5 generalizes the classical n-Superhyperrough Set Model. O

Example 0.28 (Sequential n-Superhyperrough Set in Housing Selection). Consider a housing selection scenario:
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Let U be a set of houses.

Two attributes are considered:

— T\ = Location with domain J; = {Urban, Suburban},

— T, = Style with domain J, = {Modern, Classic}.

The power sets P (J;) and P (J,) provide, for example, {Urban}, {Suburban}, or {Urban, Suburban} for location,
and similarly for style.

Define the super attribute space as
J =Ph) xP(J).

Let F* be defined by, for instance,

F*({Urban}, {Modern}) = {houses in urban areas with modern design}.

o Assume the target concept X consists of houses that are highly desirable to a buyer.

For each house x € U and for each combination A € J*, compute the relevance degrees
|B(x) N F*(A) N X| |B(x) N F*(A) N (U\ X)|
X1 U\ X|
Suppose that in the first iteration, we choose thresholds a; = 0.6 and 8; = 0.3, and in a subsequent iteration, a; = 0.5 and
B2 = 0.2. The sequential partitioning process then divides the set of houses into positive, negative, and boundary regions

based on these thresholds and the complex combinations of location and style. This refined classification enables a buyer to
more precisely identify houses that best match their preferences.

EX(x,A) = and EX(x,A) =
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